Welfare gains to long-horizon investors may derive from time diversification that exploits non-zero intertemporal return correlations associated with predictable returns. Real estate may thus become more desirable if its returns are negatively serially correlated. While it could be important for long horizon investors, time diversification has been mostly investigated in asset menus without real estate and focusing on in-sample experiments. This paper evaluates ex post, the out-of-sample gains from diversification when equity REITs belong to the investment opportunity set. We find that diversification into REITs increases both the Sharpe ratio and the certainty equivalent of wealth for all investment horizons and for both classical and Bayesian (who account for parameter uncertainty) investors. The increases in Sharpe ratios are often statistically significant. However the out-of-sample average Sharpe ratio and realized expected utility of long-horizon portfolios are frequently lower than that of a one-period portfolio, which casts doubt on the value of time diversification. JEL Classification Codes: G11, L85.
Introduction
Institutional investors diversify their portfolios by investing in public real estate. This practice is supported by empirical studies indicating that the risk-return tradeoff of optimal portfolios that include real estate improves relative to portfolios that include only standard financial asset classes such as stocks and bonds.
However, such evidence mostly refers to in-sample evaluation of portfolio performance, which assumes that portfolio managers know the return distribution far better than they do in the real world. The first goal of this paper is to assess whether public real estate improves portfolio performance out-of-sample, realistically assuming that the portfolio manager chooses asset allocation for the future on the basis only of past information on realized returns, which can be at best recursively updated.
Another feature of existing studies of public real estate is their reliance on a one-period mean-variance approach, which allows for a reduction in portfolio risks arising only from an imperfect (i.e., low, possibly negative) contemporaneous correlation of asset returns. Thus, real estate becomes more desirable if its return tends to increase or remain stable at the time that returns on other assets fall. This allows for static, across-asset (contemporaneous) diversification. However, a considerable reduction in risk to long-horizon investors may derive from time diversification that exploits non-zero intertemporal return correlations associated with complicated predictability patterns that rely on the linear association between news (shocks) to returns and predictor variables. Real estate may thus become more desirable if its returns are negatively autocorrelated in time, ensuring that times of higher returns will follow times of lower returns. While it could be especially important for pension funds and other long horizon investors, time diversification has been mostly investigated in asset menus without real estate (e.g., Campbell, Chan and Viceira [2003] ).
Since the effects of predictability on multi-period volatility obviously depend on the specific asset menu under examination (see Campbell and Viceira [2005] ), our second -and perhaps most important -goal is to assess whether there is scope for time diversification of risk when public real estate is explicitly added to standard asset menus composed of stocks, bonds and bills.
Importantly, our paper investigates the presence of ex post gains from time diversification. Even with modest statistical evidence in favour of predictability, such gains can be substantial when changes in 3 portfolio performance are measured "in sample", i.e., assuming that a given statistical framework of analysis correctly measures the important features of the distribution of asset returns. For instance, Hoevenaars et al. [2007] and Fugazza, Guidolin, and Nicodano [2007] argue that expanding the asset menu to include public real estate, while accounting for predictable asset returns, may significantly increase the ex ante welfare of an investor maximizing expected utility. However, these findings are retrospective in nature. We therefore compute ex post gains, mimicking a risk-averse investor who relies on past evidence concerning return predictability in order to decide on future multi-period asset allocation.
This experiment would be of negligible interest if it considered only one specific sample period, as the outcome could be due to bad or good luck. Hence, we average portfolio performance attained over 120 simulated portfolio allocations obtained with the following recursive method. We first use data from January 1972 through December 1994 to estimate the parameters of our prediction model and to forecast multi-period means, variances, and covariances of returns on all asset classes, which enable us to determine optimal portfolio weights. This exercise is repeated the following month, using data up to January 1995 to compute fresh forecasts of return moments and to select portfolio weights. Iterating this recursive scheme through November 2004 generates a sequence of realized portfolio returns from which ex post performance measures of optimal portfolios are computed. Our evaluation of the role of real estate when returns are predictable thus averages times of good and bad performance for this as well as other asset classes. This experiment is repeated for six alternative investment horizons, ranging from one month to 5 years.
Moreover, we allow not only for the standard classical approach, but also for a Bayesian approach (as in Barberis [2000] ) in computing optimal portfolio composition. Indeed, welfare can substantially increase if the investor takes into account the uncertainty in forecasts by using Bayesian updating (Jorion [1985] and Kandel and Stambaugh [1996] ), especially when return predictability appears weak according to statistical tests. 1 We use a simple vector autoregressive framework to capture predictable variations in the investment opportunity set (as in Campbell, Chan, and Viceira [2003] , Geltner and Mei [1995] , and Glascock, Lu, and So [2001] ) and solve a portfolio problem in which investors' preferences are specified as a power utility of terminal wealth. In most cases, the optimal average weight to be assigned to real estate vehicles (equity REITs) is large for a 1-month investor, given a high ratio of expected return to volatility. As the horizon grows, the attractiveness of stocks and real estate improves relative to cash for classical investors, given their favorable multi-period time diversification properties implied by predictability. However, in a Bayesian framework parameter uncertainty is so high that it reverses this pattern, echoing results in Barberis [2000] . The optimal share invested in REITs by a Bayesian investor falls from 43% for a 1-month horizon to 33% for a five-year horizon, while the optimal average allocation to short-term T-Bills grows from 21% to 50%, because their return is precisely anticipated by several predictors. The optimal average allocation to bonds drops from more than 25% for a short horizon to almost zero for a five-year horizon.
This result is similar to findings in previous experiments using different frequencies, asset menus, and estimation methods (see Campbell and Viceira [2005] ). These changes in portfolio composition indicate that return predictability patterns suggest that a multi-period strategy should optimally exploit not only contemporaneous diversification but time diversification of risk as well.
Ex ante, an investor with a multi-period horizon would always be at least as well off as a 1 = T investor, because she can always choose to overlook predictability and the opportunities for time diversification.
However, ex post, the difference in realized expected utility could be negative -for instance, because the prediction model is misspecified and mis-predicts the auto and serial cross-correlations that characterize asset returns. We therefore measure the differential ex post performance of a one-month versus a five-year investor to assess whether there are gains from intertemporal hedging brought about by return predictability. Our results contribute more evidence to the skeptical view on the ex post value of predictability (e.g., Goyal and Welch [2004] ) within linear frameworks, in that the out-of-sample average Sharpe ratio of a long-horizon portfolio is often lower than that of a one-period investor. For instance, it drops from 0.45 for a 1 = T horizon to 0.30 for a 60 = T horizon when a Bayesian investor uses an asset menu that includes real estate. Similar results are obtained for horizons shorter than 60 months, as well as for the asset menu without real estate. One may argue that the Sharpe ratio, which is based on the mean and 5 variance of returns only, can be a misleading indicator of performance when returns are not normally distributed (see Leland [1999] and Goetzman et al. [2002, 2004] ). 2 For this reason, we also study the ex post welfare gains from time diversification that arise from changes in the skewness and higher order moments of wealth. Results based on welfare gains confirm, however, the results based on Sharpe ratios.
The average certainty equivalent of welfare for a Bayesian investor drops from 8.75% to 6.77% when the horizon grows to five years.
On the contrary, contemporaneous diversification into real estate vehicles increases both the Sharpe ratio and the certainty equivalent of wealth for all investment horizons and for both Bayesian and classical investors. These results extend to an ex post setting the evidence in Fugazza, Guidolin, and Nicodano [2007] concerning European data and ex ante performances, as well as results obtained in mean-variance models (see Seiler, Webb, and Myer [1999] and Feldman [2003] ). 3 The annualized percentage increase in initial wealth that should be awarded to a Bayesian investor in order to compensate her for excluding REITs from her asset menu ranges from 1.39 to 2.59 percent of initial wealth, depending on her horizon. Ex post welfare gains are even larger, apart from the 1-month horizon case, for a classical investor who overlooks estimation risk when choosing portfolio composition.
Several recent papers have explored whether predictability improves the ex post performance for an investor with a one period horizon, who therefore exploits only market timing (when predictability is modeled) and contemporaneous diversification opportunities. Returns to market timing appear to be positive for a Bayesian investor in a mean variance framework (Avramov and Chordia [2006] , Abhyankar, Basu, and Stremme [2005] , and Wachter and Warusawitharana [2005] ) even though they can turn negative when an investor tries to guess ex ante which are the best predictors for returns (Cooper, Gutierrez, and Marcum [2005] ). Other papers also analyze out-of-sample performance of investment in public real estate with predictable returns. Some find that active strategies outperform passive ones (Liu and Mei [1994] ), even after deducting transaction costs (Bharati and Gupta [1992] ). This is no longer the case in more recent studies, such as Nelling and Gyourko [1996] and Ling, Naranjo, and Ryngaert [2000] , who find it difficult 6 to exploit predictability ex post particularly in the 1990s. While these studies focus on short term portfolio strategies, our paper completes the picture by investigating the ex post welfare gains of time diversification in a multi-period setting. We find that ex post economic value of time diversification is negligible before accounting for transaction costs, even if linear prediction performs reasonably well. However, the contemporaneous diversification opportunities offered by real estate vehicles remain substantial and likely in excess of most sensible measures of transaction costs.
The plan of the paper is as follows. The next section briefly outlines the methodology of the paper.
Following that we describe the data and report results on the statistical properties of the relevant variables, revealing predictability in the dynamics of the investment opportunity set. We then characterize optimal portfolios that include real estate, comparing them to the case without real estate, and assess the gains from intertemporal risk diversification. In the following section we calculate the welfare costs of ignoring either predictability or real estate. Our final section concludes, and an appendix presents details on the statistical models and solution methods employed in the paper.
The Asset Allocation Model
In this paper we compute forecasts of the basic sample moments relevant to portfolio choice and, as a result, optimal portfolio shares using both classical and Bayesian econometric approaches. In the classical case we estimate the parameters characterizing a set of simultaneous linear relationships that link returns to the predictors. We then use the current realization of the predictors to compute conditional (predictive) moments and distributions for future asset returns that take the estimated parameter values as given and use them in place of the true (but unknown) parameter values. Since the expected utility maximization that describes the portfolio problem is solved using predictive densities that ignore the fact that the parameter estimators are themselves random variables, an important source of uncertainty (sometimes called estimation risk) is ignored. Such an approach is called classical, and is typical in the literature (see e.g., Barberis [2000] ). In the Bayesian case we specify a (weak, uninformative) set of beliefs concerning the parameters characterizing the linear relationships among asset returns and predictors that the investor might 7 have prior to viewing the data. A posterior distribution of such parameters is then obtained, by Bayes' rule, conditional on the observation of the predictors, and this posterior distribution is used to generate a conditional, predictive distribution of returns and, as a result, a predictive distribution of future utility levels. By maximizing the expectation of such predictive utility density by selecting portfolio shares, the optimal asset allocation is computed and characterized. The next two subsections provide a few additional details on the asset allocation frameworks employed in this paper, while the appendix gives a primer on the two asset allocation frameworks employed.
Classical Portfolio Choice
Consider an investor with constant relative risk aversion, 1 > γ , who maximizes the expected utility derived from her final wealth, accumulated afterT months, by choosing a vector of optimal portfolio weights at time 
Call n the number of asset classes included in the asset menu. Our baseline experiment concerns . 4 = n If there are no-short sale constraints, the problem can be stated as:
Time variation in (excess) returns is modeled using a simple Gaussian VAR(1) framework, as in most of the finance literature on time-varying investment opportunities (see the review in Campbell and Viceira [2003] ):
where
and t x represents a vector of economic variables able to forecast future asset returns. Equation (2) This problem can be solved by employing simulation methods similar to Kandel and Stambaugh [1996] , Barberis [2000] , and Guidolin and Timmermann [2005] :
, } = are obtained by simulating the process in (2) N times. To obtain the results that follow, we have employed 000 , 100 = N Monte Carlo trials in order to minimize any residual random errors in optimal weights induced by simulations.
Bayesian Portfolio Choice
We incorporate estimation risk in the model by using a Bayesian approach as in Barberis [2000] . This relies on the principle that portfolio choice ought to be based on the multivariate predictive distribution of future 9 asset returns that also "integrates over" (i.e., accounts for) the fact that estimated coefficients within the simple VAR framework in (2) do possess a distribution because they are just sample statistics. 4 Such a predictive distribution is obtained by integrating the joint distribution of θ and returns ) | , ( , to characterize the predictive density of returns, and a second pass to solve the portfolio choice problem), in the following N is set to a relatively large value of 300,000 independent trials that are intended to approximate the joint predictive density of excess returns and predictors. , with the purpose of initializing our recursive scheme of estimation, portfolio optimization, and ex post realized performance evaluation.
Data and Descriptive Statistics
Over the complete sample, securitized real estate dominates (in mean-variance terms) the stock market, in spite of the stock market boom that characterized the mid and late 1990s. Public real estate performs better than equities in mean terms (6.0 and 4.0 percent in annualized terms and in excess of short-term yields, respectively), and is less volatile than stocks (annualized standard deviations are 13.8 and 16.1 percent for REITs and equities, respectively). Correspondingly, the Sharpe ratio of real estate (4.32) is almost twice the ratio for equities (2.49). As one would expect, bonds have been less profitable (1.5 percent per year in excess of short-term yield) but also less volatile (7.8 percent in annualized terms) than stocks and real estate. The corresponding Sharpe ratio is, however, rather low, only 1.87. In real terms, short-term T-bills have given a non-negligible average yield of 1.9 percent per year with a very small annualized volatility of 1.2 percent only, as one would expect.
The lower part of Panel A displays contemporaneous correlations. The performances of the four asset classes are only weakly correlated, with a peak correlation coefficient of 0.57 between excess stock and real estate returns. Excess bond returns are characterized by correlations against both equities and real estate that are less than 0.2. Under these conditions, there is wide scope for contemporaneous portfolio diversification across risky assets. Even lower is the correlation of the real return on T-bills with stocks and equity REITs, which never exceeds 0.12: therefore we expect a relatively large demand for T-bills for hedging purposes.
Panel B shows summary statistics for the shorter 1972-1994 sample period used to initialize our recursive portfolio experiments. We briefly discuss the features of our data series also as a means to document the robustness (stationarity) over time of the main statistical features discussed above. The subsample 1972-1994 is qualitatively similar to the full sample, although investment opportunities during the 1970s and 1980s turned out to be significantly worse than in the 1990s and the following half decade. For instance, Sharpe ratios are lower (from 0.88 for bonds to 3.19 for public real estate) and all correlations increase when compared to our full-sample period. This is because the first few years (1972) (1973) (1974) (1975) (1976) , which are more heavily weighted in this shorter sample, are characterized by a well-known, supply-side induced recession that caused (ex post) Sharpe ratios to turn negative for both stocks and equity REITs. However, it is remarkable that the mean, volatility, and Sharpe ratios ranking across risky assets is entirely the same as in panel A: as during our initial sample, public real estate gave a considerably higher mean excess return than equities (in fact, almost double, 4.5 vs. 2.7 percent per year), a somewhat lower standard deviation (14.1 vs.
16.0 percent), and a more appealing reward-to-risk ratio. Correlations are generally similar to those reported in Panel A. imply that a one standard deviation shock to either the term spread or the real short rate will induce changes of 1.01 and 1.71 percent in monthly REIT returns). We also find evidence of forecasting power of both the dividend yield and inflation for real estate returns, and in this case the effects are not only statistically significant, but economically important as well (i.e., a one standard deviation shock to the dividend yield forecasts a change of REITs returns of 1.17 percent in the same direction, while an identical shock to the inflation rate predicts a REIT return change of 2.16 percent in the opposite direction). Interestingly, higher current inflation forecasts lower future public real estate returns, which is a finding similar to the one typical in the equity literature.
Predictability Patterns in a VAR Model
The degree of predictability characterizing stocks is similar to the one found for REITs. The only difference is that in the case of equities lagged asset returns have no forecasting power, while the coefficients characterizing all the relevant predictors (dividend yield, term spread, real short term rates, and inflation) turn out, remarkably, to be larger than in the REIT case. For instance, while a one standard deviation shock to the dividend yield was predicting a 1.17 percent increase in REIT returns, the matching prediction for equities is 1.73 percent in the case of equities. The signs of all these effects are completely consistent with the literature as far as the dividend yield (Barberis [2000] ), the term spread (Avramov [2002] ), and the effects of real short term rates (Keim and Stambaugh [1986] ). The largest economic difference concerns the effect of shocks to the term spread, as the estimated coefficient for equities is almost double the estimated effect for public real estate. These results seem to validate the view that public real estate may be just a special type (sectorally characterized) of equity security. Bond returns are instead scarcely predictable, in the sense that only the dividend yield, the default spread, and inflation seem to have a marginally significant predictive power. Only the economic importance of the default spread, however, is non-negligible in the sense that a one standard deviation shock to the default spread triggers a 0.34 percent reaction in bond returns.
Interestingly, real one-month T-bill returns are precisely predicted by all predictors as well as by lagged bond and REIT returns. Additionally, as one should expect in the light of the finance literature debating whether short-term rates contain a unit root, real one-month T-bill returns contain also a substantial degree of persistence. (The coefficient is in fact in excess of unity, although this has no implications for stationarity as the entire vector autoregressive system does turn out to be stationary.) 9 We also note that the dividend yield, the term spread, and inflation predict subsequent real short term rates with highly accurate but rather small coefficients (which do imply weak economic significance), but also with signs that are systematically opposite those found in the case of public real estate and stocks. These are the same patterns documented by Campbell, Chan and Viceira [2003] . In particular, while past inflation is negatively correlated with future stock, bond and real estate returns with estimated VAR(1) coefficients of -9.5, -2.4, and -6.3, the only predictive influence that links an increase in a rate of return with higher inflation concerns 1-month T-bills.
This implies that short-term, essentially default risk-free investments are the only ones that provide a hedge against inflation shocks.
The lower panel of Table 2 shows the volatilities of the VAR residuals on the main diagonal, pair-wise covariances below the main diagonal, and pair-wise correlations above the main diagonal. As argued in Barberis [2000] , such pair-wise shock correlations are crucial because the behavior of the variance of portfolio returns depends on them as the investment horizon grows. For instance, even focusing on the simple case of one risky asset with nominal return R t1 (and excess return r t1  R t1  r f ) predicted by a variable x t , it is clear that a VAR(1) framework implies that while
with a two-period investment horizon: φ is the VAR coefficient that measures the effect of t x on ,
σ is the variance of the shocks to the predictor, and ρ is the correlation between shocks to the predictor and shocks to excess returns. It is now easy to show that the conditional variance of the asset return grows at a slower rate than the horizon if when the predictor falls unexpectedly (i.e. it is hit by some adverse shock), 0 < ρ implies that the news will likely be accompanied by a positive contemporaneous shock to excess asset returns. On the other hand, since , 0 12 > φ a currently declining dividend yield forecasts future lower risk premia on stocks and real estate. Hence such a parameter configuration leads to a built-in element of negative serial correlation, as it is easy to show that processes characterized by negative serial correlations are less volatile in the long run than in the short run, due to mean-reversion effects.
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The lower panel of Table 2 does highlight a few large and negative pair-wise correlations between excess asset returns and predictors. This happens between excess stock returns and the dividend yield (-0.89), 15 between REIT returns and the dividend yield (-0.56) , and between the real short term rate and the term spread (-0.44). Since the predictive relationship between these three couples is always positive, such negative correlations imply an element of mean reversion that can make stocks, REITs, and short-term Tbills increasingly attractive as the investment horizon grows. Such findings are ubiquitous in the literature analyzing US equity data (see e.g., Barberis [2000] ), implying that stocks and real estate are a good hedge against adverse future dividend yield news. Fugazza, Guidolin, and Nicodano [2007] find an identical result on European real estate data. However, a few correlation coefficients are always positive and highly significant, especially between stock and REIT residuals. This means that unexplained (residual) returns in both stocks and public real estate will tend to appear together and this makes both real estate and equities riskier than they would otherwise be. Clearly, at an empirical level it remains unclear which of the two effects -the mean reversion implied by the negative correlation between dividend yield and return news, or the mean aversion implied by the positive correlation between real estate and equity return news -will prevail.
Additionally, REITs do not appear to be good hedges against news affecting bond returns, inflation and the real short-term rate. Consider for instance an inflationary surprise. This will be associated with lower contemporaneous returns on REITs, since the correlation coefficient is equal to -0.13. In turn, lower inflation predicts lower expected real estate risk premia, since the VAR coefficient is equal to 0.23. Thus, lower returns associated with inflationary surprises will tend to persist, making REITs relatively riskier in this respect. On the contrary, stocks are good hedges with respect to shocks to the term spread and to the real short rate. Thus, stock returns become relatively less risky than REITs return over a longer horizon.
One final remark about the lower panel of Table 2 concerns the behavior of the risk of the real short term rate as the investment horizon grows. On the one hand, the standard deviation of the short term real rate is unconditionally very low, as displayed in Table 1 , a tiny 1.22 percent per year. On the other hand, this asset becomes even less risky over a longer horizon. Indeed, its VAR residuals display negative contemporaneous correlation with innovations to both the term spread (-0.44) and the inflation rate (-0.87), which help in predicting future short term real return with a positive coefficient (1.17 and 0.95, respectively). Thus, an inflationary surprise, while decreasing the contemporaneous return to short term assets, is expected to be associated with higher future real short term rates.
11 Of course, these heuristic arguments concerning the behavior of the variance of the different asset classes as a function of the horizon
hardly map in precise quantitative results on optimal portfolio choices as a function of the horizon. Below,
we will see how these features have implications for multi-period portfolio choice.
All in all, the classical results in Table 2 reveal the presence of a considerable degree of predictability of non-negligible strength, even when a rather rudimentary VAR(1) model is used to capture predictability in asset risk premia. However, since the seminal paper by Jorion [1985] , it is well known that ex post performance may improve significantly when Bayesian estimation techniques -which are able to model and quantify the estimation risk implicit in a given econometric model -are deployed to support optimal portfolio choice. For this reason we repeat the econometric analysis employing Bayesian estimation methods to derive the joint posterior density for the unknown parameters and hence the joint predictive density of asset returns that allows us to compute optimal portfolio choices. Table 3 reports the means of the marginal posteriors of each of the coefficients in predictive coefficient matrix C (further defined in the appendix) along with the standard deviation of the corresponding marginal posterior, which provides a measure of the uncertainty involved.
The posterior means in Table 3 only marginally depart from the MLE point estimates in Table 2 , a fact which is consistent with previous findings in the financial econometrics literature on return predictability.
However, the additional variance of the coefficients caused by the presence of estimation uncertainty reduces our empirical ability to accurately predict bond returns and, to a lesser extent, real estate returns, as in Avramov [2002] . For completeness, we also report in the last panel of Table 3 Therefore similar comments about the economic meaning and implications of the econometric estimates also apply to the Bayesian results in Table 3 .
Optimal, Real-Time Portfolio Choice
The main exercise of this paper consists of a fully recursive scheme of model estimation and optimal portfolio optimization. In particular, we initialize our experiment using data from January 1972 up to December 1994 to estimate the parameters of our VAR(1) prediction model and to forecast multi-period means, variances, and covariances of returns on all asset classes, enabling us to determine optimal portfolio weights in a classical framework. We also proceed to numerically characterize the Bayesian joint posterior densities (see the appendix for details) for the coefficients in C and Σ and the joint predictive density for future asset returns. We then compute optimal portfolio weights both in the classical framework that ignores estimation risk and in the Bayesian one. This is done by imputing to our hypothetical investor a range of alternative potential investment horizons parameterized by ; T in fact we use six alternative horizons, ranging from 1 month to 5 years. 12 These recursive estimation and portfolio choice exercises are repeated on the following month, using data from January 1972 and up to January 1995 to compute afresh forecasts of return moments and Bayesian joint predictive densities and to select (ex ante) optimal portfolio weights.
Iterating this recursive scheme until November 2004 generates a sequence of 120 sets of optimal portfolio shares -importantly, one for each possible investment horizon -as well as realized portfolio returns from such ex ante optimal choices, from which ex post performance measures for these alternative portfolio strategies and horizons may be computed. Table 4 reports the optimal mean portfolio weights over the full sample period 1972-2004 for alternative investment horizons. Although tracking the dynamics of the weights over time may have some interest, in this paper we are mostly interested in the ex post performance of optimal portfolios and therefore purely concentrate on the "average" picture concerning the behavior of the investor. We focus first on the effects on portfolio composition from enlarging the asset menu to REITs, for a one-month investor. When securitized real estate is exogenously ruled out from the asset menu, a short-term investor who ignores estimation risk overweighs 10-year Treasury bonds (43%) and stocks (38%) and underweighs cash (19%) relative to an equally weighted portfolio. The monthly Sharpe ratio of stocks and bonds is indeed considerable over both the initial sample (0.05 and 0.03) and the full sample (0.07 and 0.05), and the correlation between these two assets fluctuates in a rather moderate range of values from 0.31 to 0.18. The fact that an investor would underweight cash is further rationalized by the observation that its real return is positively correlated with excess stock and bond returns.
Portfolio Diversification
When REITs are re-introduced in the asset menu, public real estate ends up crowding out the other risky assets due to its very high Sharpe ratio (0.13 in the full sample and 0.09 in the initial one) along with its relatively low correlation with short-term bills. 13 The share destined to stocks is particularly moderated by the introduction of real estate (from 38% to 13%), given the relatively high correlation between equity and real estate returns and the size of the portfolio share optimally allocated to real estate (50%). Bond holdings fall from 43% to 27%, while cash falls from 19% to 10%. Therefore the displacement effect caused by public real estate on the average holdings of other assets over time is rather substantial.
A Bayesian investor, by considering estimation risk, turns out to be more cautious, with lower holdings of all risky assets (especially REITs, down to 43%), compensated by larger holdings of cash (21%). However, the tendency to overweight real estate optimally relative to the equally weighted portfolio remains of firstorder magnitude.
Interestingly, as the investment horizon grows, in the asset menu that includes public real estate, the reaction of the REITs weight becomes entirely a function of whether the investor employs or does not employ a Bayesian estimation framework. A Bayesian investor would allocate a steeply declining weight to real estate (and, but only marginally, to bonds) as the horizon grows, with the shares of stocks and especially short-term deposits strongly increasing. For instance, a 5-year Bayesian investor would invest 33% in real estate (down from 43% for 1 = T month), 52% in cash (up from 21%), and 14% in stocks (up from 11%). This makes sense if assets imply an increasing/decreasing quantity of cumulative ("compounded") estimation risk as the investment horizon changes. In contrast, a classical investor would increase the share invested in public real estate (from 50% to 59%) and stocks (from 13% to 29%), and reduce the share of bonds to essentially nothing as the horizon increases. As a result, a classical long-run investor ends up choosing a portfolio that is considerably riskier than both a short-or long-run Bayesian investor who is concerned not only with the intrinsic risk of the assets, but also with estimation risk. These results generally agree with typical results in both finance (see e.g., Barberis [2000] ) and real estate (see e.g., Fugazza, Guidolin, and Nicodano [2007] ). These wide differences between short-and long-run portfolios lead us to offer a few additional thoughts on opportunities of diversification over time offered by real estate investments.
Time Diversification
It is well known that a one-period asset allocation may differ substantially from a long-term one when returns are predictable, while the investor's planning horizon is irrelevant for portfolio choice when returns are independently and identically distributed (Samuelson [1969] , Merton [1969] ). For instance, mean reversion in asset returns will lead to a positive intertemporal hedging demand in a multi-period dynamic setting, to be added to the speculative demand. Clearly, the assets whose long-run risk/return tradeoff is most improved by the mean-reversion effects implied by the VAR(1) model are in lower demand for a short horizon than for a longer horizon.
Unreported simulations reveal that conditional variances of bond returns increase when accounting for predictability. This occurs because shocks to bond returns are positively correlated with shocks to the default spread ( 35 . 0 ), which helps in predicting future bond returns with a large coefficient ( 05 . 7 ). Thus 20 an unexpected reduction in the default premium is associated with both lower unexpected bond returns today and lower expected bond returns tomorrow, a fact that makes a two-period bond portfolio riskier than in the absence of such intertemporal links. On the contrary, short-term deposits become less risky over multi-period horizons because their return is negatively correlated with contemporaneous surprises to both the term spread (-44 . 0 ) and the inflation rate (-) 87 . 0 , which help in predicting future short-term real return with a positive coefficient ( 17 . 1 and 95 . 0 , respectively).
Due to its high persistence coupled with the strong negative correlation between shocks to returns and shocks to the dividend yield, Campbell, Chan, and Viceira [2003] find that the dividend yield generates a very large intertemporal hedging demand for stocks. Here, this effect is reinforced by the intertemporal link between stock returns on the one side and the term spread and the real short term rate on the other. The dividend yield also exerts a smoothing effect on multi-period REITs returns. However, this is counterbalanced by the impact of stock and bond returns, inflation and the real short-term rate, whose shocks are positively correlated with real estate shocks. This explains why the demand for public real estate does not increase as sharply as that for stocks as a function of the investment horizon.
Interestingly, a classical investor ignoring real estate would reduce the share of bonds by 33% anyway, while increasing the demand of stocks and cash by 9% and 24% respectively. It thus appears that the predictability patterns induced by real estate leave almost unaltered the percentage decrease in cash, while exacerbating the fall in bond holdings.
Diversification and Parameter Uncertainty
Estimation risk influences portfolio choice in two ways. Important modifications occur in the structure of the investment schedules as a function of the horizon. When parameter uncertainty is taken into account, the average holdings of real estate and equity respectively become decreasing and flatter in T, resulting in lower investment in riskier assets. A classical investor, however, chooses average weights for riskier assets increasing in the investment horizon. For instance, the allocation to real estate decreases from 43% at a 1-21 month horizon to 33% at a 5-year horizon, while the allocation to stocks marginally increases from 11% to 12%. This effect on the average portfolio share of the riskier assets is well explained by the fact that the uncertainty deriving from estimation risk compounds over time, implying that the difficulty to predict is magnified over longer planning periods. It follows that the opposite effects of a reduction in long-run risk resulting from predictability -which would cause the investment schedules to be upward sloping -and of estimation risk roughly cancel out for a long-horizon investor, with the result of either flat or weakly monotonically decreasing schedules.
It is also clear that when an investor accounts for estimation risk, she develops a strong incentive to invest in short-term deposits, especially in the long run, even if in our framework the real short-term rate becomes risky for horizons exceeding one month. The average portfolio share in cash, which already doubles for a one-month horizon when estimation risk is accounted for, increases steadily in T reaching 49% for a 5-year horizon. A strategy that rolls over "cash" investments is not only the safest among the available assets in terms of overall variance, but also the one that remains predictable with high precision from its own lagged value, the lagged return on bonds and real state, the dividend yield, the term premium, and the default spread as well as the inflation rate. Furthermore, it appears that shocks to the real short-term rate are negatively correlated with shocks to the term spread, with a coefficient that is large in absolute value (-0.44). At the same time, a higher value of the lagged term spread predicts a higher future short-term rate (1.17). This embeds some mean reversion in the return to short term deposits, making them comparatively safer as the investment horizon grows. Therefore short term deposits de facto preserve their role of safe assets in relative terms, even though their stochastic nature is fully recognized by our econometric framework.
Finally, recall from the previous section that the predictability of bond returns almost disappeared when we allowed for parameter uncertainty. It is therefore not surprising that the optimal share in 10-year bonds drops from 25% to 2% as the horizon grows, and REITs --with their superior Sharpe ratio and more precisely estimated predictive relationships --are included in the asset menu. Surprisingly, these patterns are not too dissimilar to those uncovered in European data, in optimal buy-and-22 hold optimal portfolio allocations simulated by Fugazza, Guidolin, and Nicodano [2007] . The reduction over T associated with parameter uncertainty of the optimal shares invested in the most risky assets turns out to be optimal for a European investor, too. However, in the results shown by Fugazza, Guidolin, and Nicodano, the schedule for stocks is flatter than the one for securitized real estate. The schedules for cash and for bonds also have a similar pattern in optimal US and European portfolios, although the relevance of bonds in longer-run portfolios remains higher for a European investor.
Ex post Performance Results
In the literature, econometric models of predictable asset returns produce good in-sample fits and optimal portfolios built on estimated mean returns and volatilities usually display good in-sample performance.
Moreover, expanding the asset menu cannot reduce the ex ante investor's welfare, as it is always possible to exclude -by assigning an optimizing zero weight -the additional asset(s) from the optimal portfolio. However, this is by no means a guarantee that expanding the asset menu will lead to improved ex post portfolio performance. This problem may arise, for example, when the proposed model for asset returns is mis-specified and/or there are large parameter estimation errors. To address this concern, we next explore how well real estate as an asset class performs when it is added to portfolios formed from 1995 onwards, on the basis of estimates obtained only on the basis of the contemporaneously available information on a recursive basis. We distinguish between ex post results as measured by standard reward-to-risk ratio indicators (e.g., the classical Sharpe ratio) and performance in terms of realized average utility (welfare) of the investor. Table 5 considers average performances over the period 1995-2004 when equity REITs are alternatively included or excluded from the asset menu. It reveals that the mean Sharpe ratio achieved by both a classical and a Bayesian investor increases -irrespective of the investor's horizon -when real estate is added to the asset menu. Such a change is substantial, ranging from 0.12 to 0.42, depending on the horizon. This is caused by the fact that realized portfolio volatility falls (except for the horizon 60 = T ) as a result of declining investments in stocks. Such a reduction in risk taking appears not to have damaged profitability in the out-of-sample period, as mean portfolio returns increase.
Realized Reward-to-Risk Ratios
We also test hypotheses concerning the portfolio Sharpe ratios following Jobson and Korkie [1981] . Table 5 reveals that correcting for small sample bias hardly changes the point estimates of the ex post Sharpe ratios. Even though the confidence intervals (CIs) are rather wide, one can immediately spot a case (for 12 = T ) in which the CIs for the two strategies are disjoint, i.e., the interval for the case with real estate lies completely to the right of the confidence interval for the strategy without real estate. In the other four cases ( , 1 = T 3, 6, and 60 months), the CI with real estate has a lower bound that exceeds the point estimate of the Sharpe ratio without real estate, which is also a powerful indication thateven taking sample uncertainty into account -including real estate in the asset menu strongly increases ex post performance. In the case of the Bayesian portfolio strategies, we obtain: [-0.15,0.21] 0.031 [0.13,0.51] 0.320 [-0.14,0.23] 0.041 [0.08,0.45] 0.262 [-0.18,0.19] 0.005 [0.03,0.41] 0.222 [-0.19,0.20] 0.002 [0.00,0.61] 0.306 [-0.16,0.31] As recently discussed in the literature (see, e.g., Gallo, Lockwood, and Rodriguez [2006] ), Sharpe ratios are highly sensitive to non-normally distributed returns. We find strong evidence of non-normal returns in our sample. For instance, with a one-month investment horizon, in the classical framework the skewness of realized portfolio returns is -0.39 (-0.62 without real estate) while in the Bayesian asset allocation scheme skewness is -1.51 (-0.90 without real estate). The corresponding estimates for the excess kurtosis of onemonth realized portfolio returns are 1.77 (1.42 without real estate) and 5.37 (1.64 without real estate). One common remedy consists of supplementing the presentation of Sharpe ratios with related reward-to-risk measures that divide the numerator (mean excess return) of the Sharpe ratio by portfolio downside risk (semi-standard deviation), what is commonly called the Sortino ratio (also see Fishburn [1977] ). 18 We therefore present the Sortino measures in a format comparable to 
To save space, we have reported only the Sortino measures when real estate is not included in the asset 26 menu and the corresponding increase ( ∆ ) when real estate is additionally included. Although the values of the reward-to-risk ratio are now different, the basic implication that portfolio strategies that include real estate yield an ex post performance that is superior to strategies that exclude real estate continues to hold even when possible differences between overall and downside variance are taken into account.
Realized Utility Comparisons
We still have to assess the effects of real estate on the expected utility of an investor. Indeed, an increase in the Sharpe ratio is not necessarily associated with higher welfare, if it is obtained at the cost of worse higher-order moment properties of portfolio returns. This is because investors are typically averse to negative skewness and excess kurtosis, and these preferences are fully captured by a power utility function.
For instance (and differently from a simpler mean-variance optimizer), a power utility investor may perceive a reduction in ex post realized utility when a portfolio exposes her to higher negative skewness of realized wealth (i.e., higher probability of large deviations below the mean) even though the portfolio Sharpe ratio improves. In fact, comparing ex post realized utility across different portfolio strategies is the only robust remedy to the presence of non-normalities in realized portfolio returns, as this performance measure perfectly aligns the ex ante preferences of investors when they select their optimal portfolios to the way in which these portfolios are evaluated and compared ex post.
We obtain estimates of the welfare cost of restricting the span of the asset menu available to our investors. π , is the percentage of wealth that, when added to the investor's initial wealth, equates the realized utility from the constrained and unconstrained problems:
The compensatory premium is therefore a measure of the ex post welfare gain from enlarging the asset menu to include real estate. Our estimates of the average premium confirm earlier insights based on Sharpe ratios, in that they are always positive and far from negligible. An investor would be willing to pay an annual fee in excess of 1.39% of her initial wealth in order to improve her portfolio performance by accessing indirect real estate vehicles such as equity REITs. Welfare gains are larger, apart from the 1 = T month horizon, for a classical investor who overlooks estimation risk when choosing portfolio composition.
Such an investor would have been willing to pay a minimum annual fee of 1.63% of her initial wealth in order to diversify into real estate over our recursive period 1995-2004. This fee is larger for horizons of one year or longer, suggesting that real estate especially adds value to investment strategies for long-horizon classical investors. Welfare gains are smaller, translating into fees of between 39 . 1 and 59 . 2 percent of initial wealth, for a Bayesian investor who, by accounting for estimation risk, is substantially more cautious than a classical one. Our results extend to an ex post setting previous evidence on in-sample (ex ante) performance gains from real estate, see e.g. Seiler, Webb and Myer [1999] and Feldman [2003] .
Looking at the certainty equivalent return (CER) rows in Table 5 (for the classical case) shows that while asset menus that include real estate yield annualized CERs between 6.3 and 8.7 percent, when real estate is excluded from the asset menu the CERs are between 4.1 and 6.8 percent.. The CER values are generally lower in the Bayesian case, ranging between 6.2 and 8.8 percent when real estate is included and between 4.8 and 6.2 percent when real estate is excluded. One surprising feature of our results is that a Bayesian investor achieves lower ex post expected utility than a classical one. In Jorion [1985] , a pioneering study of mean-variance portfolio choice, the opposite occurs. Furthermore, an opposite result has also been reported in one-period portfolio choice models that allow for predictable returns (Abhyankar, Basu, and Stremme [2005] , Avramov and Chordia [2006] , and Wachter and Warusawitharana [2005] ). This is all the more surprising because in the present paper we have allowed all predictors in our VAR to predict future returns, even the ones that do not display statistical significance. This means that we have not performed any typical 28 specification search of the predictors that best forecast excess returns on each type of asset class. By also considering imprecise predictors we are likely to magnify the difference between the classical and the Bayesian asset allocation, as the latter discounts the weight to be assigned to asset classes more, the less precise is the prediction of future returns. As a consequence we expected Bayesian investors, who take into account forecasting accuracy, to do much better than classical investors, who rely too much on imprecisely estimated parameters. Despite this, we find that the ex post performance of Bayesian portfolios is worse than the performance of classical portfolios.
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Value of Time Diversification
Return predictability may affect asset allocation decisions in two ways. First, one-period-ahead expected returns and volatilities change with the arrival of new information, generating the possibility of market timing. Gains from market timing can be assessed by comparing performance and welfare of short-term investors when they alternatively use or ignore return predictability. A large literature, mentioned in the introduction, evaluates these gains. In our sample, the (unreported) out-of-sample value of market timing is negative, both for a classical investor and a Bayesian one, whether or not real estate is included.
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The second consequence of predictability can be appreciated in multi-period portfolio problems only, as it entails a modification in the conditional variances and covariances of multi-period returns. It may thus happen that an asset class becomes riskier over a long horizon because its returns are mean-averting. Thus, longer-term investors may be able to enhance their risk-adjusted portfolio performance and welfare by taking into account these conditional multi-period volatilities in their portfolio optimizers.
We now turn to the assessment of ex post gains brought about by longer horizons that enable the exploitation of intertemporal diversification. It is well known that the annualized volatility for a T-period investor is less than T times the one period volatility when mean reversion in returns allows for risk diversification over time. Our experiment reveals that ex post gains from risk diversification over time are not present, whether or not real estate is included. Mean annualized volatility of portfolio returns increases 29 from 8.5% for a 1 = T month horizon to 11.6% for a 60 = T horizon when a classical investor uses an asset menu that accounts for real estate and from 7.0% to 19.0% when real estate is excluded. It is also the case that annual mean portfolio returns also fall from 10.8% (8.2% without REITs) to 9.2% (7.1%). Similar results obtain for horizons shorter than 60 months. The average certainty equivalent of welfare drops from 8.7% (6.8% without REITs) to 7.6% (4.2% without REITs). This points out that exploiting linear predictability for the construction of expected utility maximizing portfolios has no value for 1 > T . The very same pattern emerges for the less aggressive Bayesian investor, who accounts for parameter uncertainty.
A vast literature has already questioned the possibility of exploiting linear predictability for improving ex post investment performance for short-term portfolios (see Cooper, Gutierrez, and Marcum [2005] and references therein), as well as when real estate is considered (see Ling, Naranjo, and Ryngaert [2000] ). Our results cast doubt on the possibility of exploiting the risk-return tradeoff for long-horizon investors in the way suggested by Campbell and Viceira [2005] . Clearly, this does not imply that gains would not exist over other sample periods. It also leaves open the possibility that alternative prediction models might have yielded significant gains over our sample period. Finally, it remains possible that non-linear econometric frameworks (e.g., of the Markov switching type models, as in Guidolin and Timmermann [2005] ) may lead to more precisely estimated and economically valuable predictability patterns, also in the presence of public real estate vehicles.
Discussion and Conclusions
Irrespective of the investment horizon and of the estimation method, we find positive ex post welfare effects deriving from the inclusion of equity REITs in the asset menu. These gains are larger for a classical investor who, because she overlooks estimation risk when choosing her optimal portfolio composition, is less cautious than a Bayesian one. These results extend to an ex post setting previous evidence on in-sample, ex ante performance gains from real estate. Our second experiment, devoted to the assessment of ex post gains from risk diversification over time, reveals that such gains are not present, as the average annualized volatility of portfolio returns increases in the investor horizon, while it should fall when mean reversion 30 allows for intertemporal risk diversification. It is also the case that annual mean portfolio returns fall as the investment horizon increases. This indicates that exploiting linear predictability for the construction of expected utility maximizing portfolios has no value for longer horizon investors, whether or not real estate is included. Our results thus cast doubt on the possibility of exploiting the risk-return tradeoff for long horizon investors in the way suggested by Campbell and Viceira [2005] . Clearly, this does not imply that gains from time diversification would not exist over other sample periods. More importantly, it leaves open the possibility that alternative prediction models may yield significant gains, even over our sample period, as suggested by Lettau and Van Nieuwerburgh [2006] .
Our results on time diversification -and hence on the impact of predictability on ex post out-of-sample welfare -should be considered as a lower bound on its usefulness for another reason. In our VAR analysis, we allow all predictors to predict future returns, even the ones that do not display statistical significance.
Recent work on one-period portfolio choice suggests that out-of-sample performance can be improved by carefully selecting the predictors (Pesaran and Timmerman [1995] and Bossaerts and Hillion [1999] ) and by relying on CAPM-based prediction rather than on a linear vector autoregression framework (Avramov Chordia [2006] and Handa and Tiwari [2006] ). Similarly, in performing our Bayesian estimates we impose an uninformative prior, implying that the investor neither believes nor doubts à priori the strength of predictability. Recent work on one-period portfolio choice suggests that better out-of-sample performance might actually be obtained by imposing ex ante skepticism by the investor (Wachter and Warusawitharana [2005] ). Future research might check whether this is also true in a multi-period portfolio model.
Finally, our paper has used FTSE NAREIT Equity REIT Index returns to proxy for the U.S. public real estate asset class. However, several investors with a potential interest in our results may also access real estate investments using commingled real estate funds (CREFs), which are essentially composed of unlevered properties held on behalf of investors in the portfolios of fiduciary firms (see, e.g., Gallo, Lockwood, and Rodriguez [2006] ). It would be possible and interesting to extend our analysis of optimal portfolio choices under predictable returns to include return indices proxying for private market CREF 31 returns in addition to the FTSE NAREIT series used in this paper.
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Appendix: Long Run Asset Allocation when Returns Are Predictable
In this appendix we review the structure and solution methods for a portfolio choice problem when returns are predictable and the uncertainty about the extent of predictability is taken into account. The methodology follows Kandel and Stambaugh [1996] and Barberis [2000] and so we only briefly discuss the main issues and technical details.
Long run portfolio strategies may be calculated under two alternative assumptions: buy-and-hold vs.
optimal rebalancing. An investor who follows a buy-and-hold strategy chooses the optimal allocation at the beginning of the planning horizon ( t ) and does not modify it until the end-point ( T t + ) is reached. Clearly, when T is large, this represents a strong commitment not to revise the portfolio weights despite the receipt of news characterizing the investment opportunity set. Under a rebalancing strategy, the investor chooses the asset allocation at the beginning of the planning horizon taking into account that it shall be optimal to modify the portfolio weights at intermediate dates (rebalancing points), ,
. In the following we focus only on buy-and-hold portfolio strategies (see Fugazza, Guidolin, Nicodano [2007] for 34 details on rebalancing strategies).
Classical Buy-and-Hold Investor
Call θ the vector collecting all the parameters entering (2), i.e.
Under (2), the (conditional) distribution of cumulative future returns (i.e. the first four elements in
) is multivariate normal with mean and covariance matrix given by the appropriately selected elements of:
where Z is a ( 1 , 1 + − n t ) matrix with the observed vectors as rows, X is a ( 2 , 1 + − n t ) matrix of regressors, and E a ( 1 , 1 + − n t ) matrix of error terms, respectively. All the coefficients are instead collected in the ( 1 , 2 + + n n ) matrix . C If we consider the following standard uninformative diffuse prior:
can be characterized as:
i.e. the classical OLS estimators for the coefficients and covariance matrix of the residuals.
We adopt the following simulation method. First, we draw N independent variates from ). | , (
This is done by first sampling from a marginal Wishart for 1 − Σ and then (after calculating Σ ) from the conditional ( )
, where Ĉ is easily calculated. Second, for each set ) , ( Σ C obtained, the algorithm samples cumulated returns from a multivariate normal with mean vector and covariance matrix given by (5). Given the double simulation scheme, in this case N is set to a relatively large value of 300,000 independent trials. 
